
 
Goingdowntheorem All rings are Noetherian

Note that the characterization of dimension for local rings yields
the followingeasy result about algebras over local Rings

Prep Let Rim be a local ring and S an R algebrawith
MS f S Then codim MS E codimm

PI If XD is a system of parameters in R then any
prime minimal over MS is minimal over I x xd S I

Suppose P is minimal over us and I C Q E P Q Prime

Then for 4 R S we have x Xd E4 I E4 a Em

so 4 Q m ms EQ so P Q

The inequality follows from the PITD

In fact we can extend this to a resultabout the dimension
of local R algebras

theorem Let 4 R m S n be a map of local rings s t
4 m En Then

dims EdimR dim4ms



PI Set d dimR e dim51ms Let x xd em be a system

of parameters for R and y yet n w images a systemof

parameters for Vms
Thenfor 4 O

Lh E Y Ye MS

BFor B O m C Xi Xd so

xp ph E Cy ye MS
E y ye tmPS
E x Xd y ye S so

By the PIT dims Edt e D

Geometrically this is saying that if X Y is a map
of varieties orschemes the dimension of X is C the
dimension of Y t the dimension of a fiber
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Note that equalitydoesn't always hold

Ex Define 4 Cx Macyn and consider the local map

him D
y n GCy11

R

Then dimR dims and dim s dims so

dims 4 dim Rt dim xIS dimofthisfiber dimslags
1

sob
Cdimatthispointdim12 1

In fact for flat R algebras and integralextensions equgalityholds

To prove this in the flat case we heed the following

GoingDowntheoreinflatextensions let 4 R S be a map
of rings sit S is a flat R module If Po P are primes
of R and Q is a prime of S with 4 Q P thenthere
exists a prime Q of 5 contained in Q s t 4 Q P

In fact Q may be taken to be any prime of 5 contained in

Q and minimal over P'S
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PI Since P'S EQ we can find a prime Q E Q minimal
over P's the intersection of a descending chain of primes
is prime

CLAIM S Mpi is flat over RIP

Ff of Claim If M EM are Rlp modules they are R modules
so S PM S pMn u
S peMp RM S r Mp RMfo Ipn n
S pkp pypiM S pflp M D

Thus S Mp s is flat over Mp so we can replace R w
RIP and S by Xp's and reduce to the case P O

S is flat over R so every nonzerodivisor in R i e every
nonzero elt of R since it's an integral domain is a

nonzero divisor on S by a con we proved to the flatness
criterion

Q is a minimal Prime of S so it is an associated prime of



OES Thus Q 0 consists of zerodivisors on S so 4 Q 0

as desired I

Note that this implies the standard going downtheorem

If Poop J Pu is a chain of prime ideals of R

and R S s t S is a flat R module then if Qo lies over
Po we can find a chain

Qo0Q 30in

S t Qi lies over Pi

Now we can show that equality in the theoremholds forflat
algebras

Cer let 4 R m Sir be a mapof local rings s t the
image of me is in M and S is flat as an R module

Then
dims dimR dim7ms

PI We already showed one inequality so we just needto show
that dims 2 dim Rt dimshns

Let QES be a prime minimal over MS set dimQ dimshms

Then dims 2 dimQ cod im Q dim4ms t codim Q



Thus it suffices to show codimQ 2dimR

Since Q contains us 4 Q m Let me R Pd
be a chain of primes in R s t d dimer

Then by goingdown F Q Q 2Qd s t 4 Qi Pi
Thus codimQ I codimm dim R D

we are now finallyable to calculate the dimension of a polynomial

ring

Cer If R is a ring then dimRED L dimR In particular
if k is a field dimKfx xD r

PI The second statement follows fromthe first try induction on r

For the first statement let P C Cpd be a chain of primes
in R

Thus PRCBC CPaRCx CPdR x is a chain of primes in RC
so dimRED dimRtl YRCxpydpmtu.FRpaGTkxiMpa

For the other inequality it suffices to show that the codim of

a maximalideal in RCx is E thecodim of its intersection w

R t l That is it suffices to provethis more general statement



Claim If PER is prime there are primes Q CRED s t

QAR P and for a maximal such ideal we have

dimRCx o I dimRp

Note that if MERCH is maximal then it will be maximal among
primes meeting R in mnR

Pt eLaem let PER prime Then PRED is prime in RCD
and PR n R P whichproves the first part of the claim

Note that if QARED P then R P C RCH Q so

Rp D o Rcmp

Thus by replacing R by Rp we reduce to the casewhere R is
local with maximal ideal P

let Q E RG be a maximal ideal containing P Then QAR P
and we need to show codimQ codimp

If PoC Cpd P is a chain of primes in R Then

PoRCDC CpdRED is a chain ofprimes of the same length
PR

PRED E PREM x so PRG is not maximal Thus Q 7PRG
so codimQ 2 dtl



For the other inequality notice that R R To sends Pinto Q
so we can apply a previous theorem and get

dimR ToE dim
R Vpp go dimR

dim Mp o t dimR

But the image of Q in Mp Ex is principal since Rtp is a field
Thus its codim is Mp Mo E l by the PIT and we're done.D

The claim finishesthe proof of the corollary D


